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Chapter 5: Normal Probability Distribution

Section 5-1 Date:

Proberties of a Normal Distribution
[DEFINITION |

A normal disfribution is a continuous probability distribution for a random
variable x. The graph of a normal distribution is called the normal curve.

Something to never worry about!

A normal distribution has these properties. | ’ 2437
— - TlLATR e
1. The mean, median, and mode are equal. Y= o e o
2. The normal curve is bell-shaped and is symmetric about the mean. o\ 2w
3. The total area under the normal curve is equal to 1,
4, The normal curve approaches, but never touches, the x-axis as it extends Just remember that the Only parameters

50 0 gy (S 12 T, for the normal distribution are the mean

5 Between o — o and g+ o (in the center of the curve), the graph curves P
downward. The graph curves upward to the left of ¢ — o and to the right and the standard deviation.
of g + . The points at which the curve changes from curving upward o

curving downward are called inflection points.

Inflection poinis
-1

On a calculator:
2ND DISTR

1: normalpdf(y, 1, o)

Total wrea =

}-

BT Relc s F

c

Inflection

o Inflection
points.

Inflection s
—7 points

points A

f ' ¥ i -+ - X
P23 4 587 D12 3 4 %5 6 1 0123435 6 7
Mean: p = Mean: p —-|:| Mean: p = I:l
Standard deviation: Standard deviation: Standard deviation:
r = g = r =

The area under each of these curves is 1 (100% of all possible outcomes)

=
EXAMPLE @

Understanding Mean and Standard Deviation
1. Which normal curve has a greater mean?

2. Which normal curve has a greater standard deviation?

Solution

SO A e Y R

Try It Yourself 1

Consider the normal curves shown at the right.

Which normal curve has the greafest mean?

Which normal curve has the greatest standard

deviation? A

a. Find the location of the line of symmetry of
cach curve. Make a conclusion about which
mean is greatest.

b. Determine which normal curve is more spread
out. Make a conclusion about which standard

deviation is greatest,
- K 1 S

1. The line of symmetry of curve A occurs at v = 15, The line of symmetry of

curve B occurs at v = 12. So, curve A has a greater mean.

2, Curve B is more spread out than curve A, So, curve B has a greater

standard deviation.

Mar 4-1:34 PM
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Section 5-1 (continued) Ty tYourself 2

The sealed test scores for the New York State Grade 8 English Languag
EXAMPLE @

[H Arts Test are normally distributed. The normal curve shown belo
Interpreting Graphs of Normal Distributions
The sealed test scores for the New York State Grade 8 Mathematics Test
are normally distributed. The normal curve shown below represents this
distribution, What is the mean test score? Estimate the standard deviation of _

represents this distribution. What is the mean test score? Estimate th
standard deviation of this normal distribution.
this normal distribution. S0 P it 0 #0 P 70
Scaled test seore

a. Find the line of symmetry and identify the mean.
b. Estimate the inflection points and identify the standard deviation.

Study Tip

You can use technology to graph
a narmal curve. For instance, you

————————————= x
330 LuLH Histy TN TE) HIX

nu: TI-84 Plu: raph th
Scaled test scone can use aTl-84 Plus to graph the

normal curve in Exampla 2.

Flatl FlotZz Flet®

w1 Bhormal pdf Cd,
1) Find the line of symmetry and identify the mean e

sNy=
wie=
N ES

i

2) Estimate the inflection points and identify the standard deviation

The Standard Normal Distribution /\

Normal distribution with a MEAN of O and a
STANDARD DEVIATION of 1.

PROPERTIES OF THE STANDARD
NORMAL DISTRIBUTION

1. The cumulative area is close to 0 for z-scores close to z = —3.49,

2. The cumulative areq increases as the z-scores increase.
3. The cumulative area for z = 0 is 0.5000,
4. The cumulative arca is close to 1 for z-scores close to z = 3.49.

bl ==
Lad

3 ., —1 ] 1

STANDARD NORMAL DISTRIBUTION

You can use "standardize" ANY x-value from a normal distribution by finding the z-
score:

__ Value — Mean
Standard deviation

)

X=u
e

Round to the nearest hundredth

Remember: There is a difference between x and z. The
random variable x is sometimes called a raw score and
represents values in a nonstandard normal distribution.
The z-score represents a value in the standard normal
distribution.

Mar 4-3:10 PM
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Section 5-1 (continued: using
Open your 6ooR to page A-

Using the Standard Normal Table
1. Find the cumulative area that corresponds to a z-score of 1,15,

2, Find the cumulative arca that eorresponds to a z-score of —0.24

z .00 01 .02 .03 04 .05 06
0.0 5000 5040 508D 5120 5160 5199 5239
0.1 5398 5438 5478 5517 5557 5596 5636
0.2 5793 .5832 5871 5910 5948 5987 6026

8153 BIB6 8212 BI3E 8364 B389 8315
BA13 BA33  B4G1  BABS 8508 BS31 BS54
B643 BE6S B6B6 8708 8729 B770
Ba49 BBE9 BERE 8907 8925 8944 8962
9032 9049 9066 S0B2 5099 8115 9131
9192 807 9 8236 S50 9365 5179
z 09 08 07 .06 05 0403
-3.4 0002 0003 0003 0003 0003 0003 L0003
-33 | D003 0004 0004 0OD4 0004 0004 .0DOM
-32 | D00 000S 0005 000G 0006 0006 .00D6
—0.5 | 2776 2810 2843 2877 2912 3846 2981
—-0.4 31 3156 3182 3228 3264 3300 3336
-03 | 3483 3520 3557 3504 3632 3669 3707
-0.2 | 3859 38%7 3936 3974 4013 4090
=01 4247 4286 4325 4364 4408 4343 4483
-00 | 4641 4681 4721 A7a)  ABOD 4840 4880

Left: number in table

[CUIBELINES e examPLE

Finding Areas Under the Standard Normal Curve
1. Sketch the standard normal eurve and shade the appropriate area under
the curve.
2. Find the area by following the directions for each case shown.
a. To find the area to the lefr of z, find the area that corresponds to z in
the Standard Normal Table.

2. The area to the
leftof 7= 123 s
0.8007.

1. Use the table w 0

find the area for the z-score.

Right: 1- (number in table)

b. To find the area to the right of z, use the Standard Normal Table
to find the area that corresponds to 2. Then subtract the area
from 1.

2. The area to the left 3. Subtract to find the area

exameie (6))

ok

normal table)
16 (appendix in Gack)

Try It Yourself 3

L. Find the cumulative area that corresponds to a z-score of =219,

2. Find the cumulative area that corresponds to a z-score of 2.17.

normalcdf (-1e99, -2,19.0
A T - 1} 26206

Area =
0.8749

Area =

0.4052

&

Finding Area Under the Standard Normal Curve
Find the arca under the standard normal curve to the left of z = —0.99.

Finding Area Under the Standard Normal Curve

Find the area under the standard normal curve to the tof 2 = 1.06

to the right of 7= 1.23:

of z=1.23ix 0.8907.

1 =0.8907 = 0.1003.

1. Use the table o R

i
find the area for the Z-score.

Between: (right number in table) - (left number in table)

4

E) 2 Bl o

¢. To find the arca between two z-scores, find the arca corresponding
to each z-score in the Standard Normal Table. Then subtract the
smaller arca from the larger arca.

2. The area to the left
of 2= 1,23 is 05907,

4. Subiract to find the anca
of the region between the
W0 Zscores:

0.8907 — 0.2266 = (L6641,

3. The area to the left
of £=-0.75 ix 0.2266

-03s B 13

1. Use the table to find =

the areas for the z-scores.

L OEGREE WP ]

normalcdf(-1.5.1.25.8.1)
- eiien....B.8275429323
L]

Keep in mind that the Empirical Rule tells

EXAMPLE

Finding Area Under the Standard Normal Curve

Find the arca under the standard normal curve between 2 = —1.5
z= 125
4 3 2 1 o 1

2 3 4
Insight
Because the normal distribution
is a continuous probability
distributien, the area under
the standard normal curve to
the left of a zscore gives the
us that values more than e e o e = acere gives the
that z-score. For instance,

2 standard deviations away from the mean are considered unusual. in esampie 1, theares €

to the left of “ “|
. z= ~0.99is Lk
1. A z-score greater than 2 or less than -2 is unusual. Qe

2. A z-score greater than 3 or less than -3 is VERY unusual. than

Mar 4-3:

wihich is read as “the
probability that 2 is less
0.99 is 0.1611."

25PM
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Section 5-1 (continued: normal on calculator)

Notice this is cdf, not pdf like we

If__ﬂ‘J_lﬂllSTF: / have been using!

2: normalcdfi

Area wanted On calculator
F

to the left of z normalcdf(-10000, z)
F

to the right of z normalcdf(z,10000)
F

between a and b normalcdf(a, b)

These calculator commands will find

Here are instructions for finding

the area that corresponds to the area to the LEFT Of a z-score.

z = —0.24 on a TI-&3/84,

To specify the lower baund in this
case, use —10,000,

2nd | DISTR
2. normaledf(
-10000, -.24[1]

ENTER
na_rgilcdf“'i -168665
T L 4BS1e5175

From the Standard Normal Table, this area is equal to (L1611,

Try It Yourself 4
Find the area under the standard normal curve to the left of 7 = 2.13.

Try It Yourself 5

Find the area under the standard normal curve to the right of z = —2.16.

Try It Yourself 6
Find the area under the standard normal curve between z = —2.165 and
z = —135

March 07, 2017

pg. 242 3,4,17-37 EOO 39,

47 50,5356
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Section 5-2 Finding Probabilities Date:

To convert any hormal distribution into a standard normal, let mean
be equivalent to 0 and standard deviation be equivalent to 1.

r—u

o

X3 0 S0 &N NK SO

Reminder: L ™=

[
EXAMPLE @

Finding Probabilities for Normal Distributions

A survey indicates that people keep their cell phone an average of 1.5 years
before buyving a new one. The standard deviation is 0.25 year. A cell phone
user is selected at random. Find the probability that the user will keep his or
her current phone for less than 1 year before buying a new one. Assume that
the lengths of time people keep their phone are normally distributed and are
represented by the variable x.

&

!

EXAMPLE @

Finding Probabilities for Normal Distributions

A survey indicates that for cach trip to a supermarket, a shopper spends an
average of 43 minutes with a standard deviation of 12 minutes in the store. The
lengths of time spent in the store are normally distributed and are represented
by the variable x. A shopper enters the store. {a) Find the probability that the
shopper will be in the store for cach interval of time listed below. (b) Interpret
vour answer when 200 shoppers enter the store. How many shoppers would
you expect to be in the store for each interval of time listed below?

NOEHMAL FLOAT AUTO REAL DEGREE MP I—I

1. Between 24 and 34 minutes 2, More than 39 minutes

#1 Draw a picture find the z-score for both 24 and 54

Write a sentence

@ o wmow
Time (in minutesy

=45

#2 Find the z-score for 39

Wom oW o o@ mow
Tise {in minates)

The tricky part is usually deciding what portion of the graph you are looking
for - DRAW A PICTURE!

A Ford Focus manual transmission gets an average of 24 miles per gallon
(mpg) in city driving with a standard deviation of 1.6 mpg. A Focus is sclected
at random. What is the probability that it will get more lhan 28 mpg ? Assume
thdl gds mileage is normally distributed. (Adapred from LS Depariment

a. Sketeh a graph.

e - "

b. Find the z-score that corresponds to 28 miles per gallon.

c. Find the area to the right of that z-score.

d. Write the result as a sentence.

Mar 5-8:56 AM
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Section 5-2 Finding Probabilities (continued)

Many classes/businesses use MiniTab, Excel, or other statistical software.
For this class, look at the notes for TI 83/84.

EXAMPLE @

Using Technology to Find Mormal Probabilities MORMAL FLOAT AUTOD REAL DEGREE MP I_I
Triglycerides are a type of fat in the bloodstream. The mean triglyceride level

in the United States is 134 milligrams per deciliter. Assume the triglyeeride normalcdf
levels of the population of the United States are normally distributed, with a lower: -1g99
standard deviation of 35 milligrams per deciliter. You randomly sclect a person urrer: 80
from the United $tates. What is the probability that the person’s triglyceride H:i134
level is less than 807 Use technology to find the probability. c:35

I

loweg bound
upper bound
mean

NORHAL FLOAT AUTO RE’L DEGRZE HP /. standard deviation

normalcdf{ -1£99, 86, 134, 35¥
eeieeeeaeeainn.. 22 8614327356
[ |

-@ Picturing the World

In baseball, a batting average
is the number of hits divided
by the number of at bats. The
batting averages of all Major
League Basaball players in a
racent yaar can be approximated
by a normal distribution, as
shown in the figure. The mean
of the batting averages is 0.262
and the standard deviation is
u_unﬂ,l I apted from ESPN

Major League Baseball

thi4 L1536 DIT DIR
Batting average

What percent of the players

have a batting average of .

e pg. 249: 9, 10, 13, 14,17 18
40 players on a roster, how
many would you expect to
have a batting average of
0.270 or greater?

Mar 5-9:05 AM
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Section 5-3 Finding Values Date:
We have been finding probability of getting above/below a
certain value, or between two values.

What if, instead, we want to know the probability and
want to find the corresponding value?

For example:

- University admissions may want to know the lowest SAT
score a student can have and still be in the top 10% of
their applicants

- Medical researcher may want to know the age range that
would give them the middle 90% of patients by age.

TO USE A CALCULATOR TO FIND:

@

3: invNorm(given probability)

(NORHAL FLOAT AUTO REAL DEGREE HP n

Finding a z-Score Given an Area

1. Find the z-score that corresponds to a cumulative area of 03632,
. - T - area!.3632
2. Find the z-score that has 10.75% of the distribution’s area to its rig )
o:1
Paste

I

-3.4 | 0002 00D 0003 0003 DOO3 0003 D003 invNorm(.2632.8.1)
e 8. B499183227

=0.5 2776 2B10 L2843 2877 2912 2946 2981

-0.4 | 3121 3156 3192 3228 3264 3300 333

3483 3520 3557 3584 3632 3669 3707

—0.2 3858 3897 3936 3974 4013 A052 4080

z | 00 .01 02 03 05 .06

0.0 | 5000 5040 5080 5120 5160 519% 5239

1.0 B413 B438  B461 B4B5S  BSDB 8531 BSH4
1.1 8643 Be65  BGBE6  B7OB  B7I9 8749 BVTO

BBAS  BBAS  BEBR  BOO7  B925 8044 B562
13 5032 9045 9066 9082 9099 8115 13

1. Find the z-score that has 96.16% of the distribution’s area to the right.

2. Find the z-score for which 95% of the distribution’s area lies betweer
—z and z.

Finding a z score aiven a Percentile

EXAMPLE @

Finding a z-Score Given a Percentile
Find the z-score that corresponds to each percentile.
LA 2. P 3Py

(NORHAL FLOAT AUTO REAL DEGREE MP EI

invNorm(.@5.8.1)
e o 12 BA4B53626
invNorm(.5.@8,1)

5}
invNorm(. 9@ 1Y T
w22, 281551567,
[ ]

Area=(.8597

In most cases, the given area will
not be found in the table, so use
the entry closest to it. If the given
) = ) area is halfway between two area
Percentiles divide a data set into 100 equal parts. entries, use the z-score
halfway between the
- if a value x represents the 83rd percentile Pg;then 83% of the data corresponding z-scores.
are below x and 17% of the data values are above x. e NG
Example 2, the z-score |
between —-1.64 and
~1.65 is —1.645.

[

Mar 5-9:19 AM
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Section 5-3 continued (transforming a z-score to an x-value)
To turn a z-score back into an x-value: now just

solve for x (get x by itself)
Recall that to transform an x-value to a z-score, you can use the formula

TRANSFORMING A z-SCORE TO AN x-VALUE

X — M To transform a standard z-score to an v-value in a given population, use
— the formula

ir X =gt o

Cexaurie G)R
EXAMPLE

Finding an x-Value Corresponding to a z-Score

A veterinarian records the weights of cats treated at a clinic. The weights are
normally distributed, with a mean of 9 pounds and a standard deviation of
2 pounds.

(2]

ind the weights x corresponding to z-scores of 196, —0.44, and 0.
Interpret your results.

Study Tip
Hare: au;c Inslrunio':s for finding
a specific x-value for a given
Finding a specific data value for a given probability e s
L 3: invNorm({
Enter the values for the area

EXAMPLE under the normal distribution,

the msan, and the
standard deviation

Finding a Specific Data Value H ey T e ]
Scores for the California Peace Officer Standards and Training test are normally £2.81551567]
distributed, with a mean of 50 and a standard deviation of 10, An agency will only
hire applicants with scores in the top 10%. What is the lowest score an applicant
can carn and still be eligible to be hired by the agency? NORMAL FLOAT AUTO REAL

DEGREE MP

]

Solution
. ) . area:.?
Exam scores in the top 10%: correspond to the shaded region shown. u:sg
c:100
Paste

[NORHRL FLORT RUTO REAL DEGREE HP

1

invNorm(.9.50,10)
v B2 B15R1867.

Putting it all together!

Given a probability, find the x-value that goes with it.

- First, find the z-score that corresponds to the probability.
- Second, convert the z-score into an x-value.

- Lastly, interpret the results!
L~

EXAMPLE

Finding a Specific Data Value

In a randomly selected sample of women ages 20-34, the mean total cholesterol
levelis 181 milligrams per deciliter with a standard deviation of 37,6 milligrams
per deciliter. Assume the total cholesterol levels are normally distributed.
Find the highest total cholesterol level a woman in this 20-34 age oronn

can have and still be in the bottom 1%. A total cholesterol level in the lowest 1% is any level below the 1st percentile.
To find the level that represents the st percentile, vou must first find the
Solution z-score that corresponds to a cumulative area of 0.01. In the Standard Normal

Table, the area closest to 001 is 0099 So, the z-score that corresponds to an
area of (L0115 z = —2.33. To find the v-value, note that w = 181 and o = 37.6,
Total Cholesterol Levels in and use the formula x = g + ze7, 85 shown.

Women Ages 20-34 x=q+ o

Tuotal cholesterol levels in the lowest 1% correspond o the shaded region

= 181 + (=2.33)(37.6)
= 93.39

You can check this answer using technology., For instance, you can use
a TI-84 Plus to find the v-value, as shown at the left.

33 Interpretation The value that separates the lowest 1% of total cholesterol
- it levels for women in the 20-34 age group from the highest 99% is about
93 milligrams per deciliter.

Total chalestencd level (in mgkdl)

pg. 257:
15,9,13,17,19,21,22,25,30,
31,32,34,

invNorm(.01,181,87.6)
.. 98:52981982.

Mar 5-9:36 AM
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Lesson 5-4: Sampling Distributions Date

March 07, 2017

4o ]

and Central Limit Theorem

We have been talking about population means, which hold true for an entire g
set of trials. What is the relationship between the population mean (the TRUE
mean), and the mean we would get from a sample (the SAMPLE mean)?

Population mean: obtained from census - counts every single one

Sample mean: small group, assumed to represent the population (does it?)

DEFINITION

g A sampling distribution is the probability distribution of a sample statistic
| that is formed when samples of size n are repeatedly taken from
| a population. If the sample statistic is the sample mean, then the distribution
is the samplmg distribution of sample means. Every sample statistic has

Mmoo e S g

roup/

Population with u, o

Insight

Sample means can
vary from one

another and can

also vary from the
population mean.

This type of variation is
to be expected and is
called sampling error.

Sample 3, T, S

Sample 4. ¥,

Sample 2, X, |

o

[
I
|
|
:i Sample 1, ¥,

Different samples have different means - ideally, if the sample has been
selected fo be representative of the population, all will be close the true
population mean

: SAMPI.E MEAHS

1. The mean of the sample means gy is equal to the population mean u.

Hz = M
2. The standard deviation of the sample means o is equal to the
population standard deviation o divided by the square root of n.

o

o= ——
i
The standard deviation of the sampling distribution of the sample means is
called the standard error of the mean,

Seems too good to be true? Let's verify that it really works (just
oncel!) before we start using it blindly....

Mar 7-9:16 AM
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Lesson 5-4 (continued) - verifying sample

statistics
Probability Histogram
EXAMPLE of Population of ¥
A Dist of Sample Means i

You write the population values {1,3,5,7} on slips of paper and put them in
abox. Then you randomly choose two slips of paper, with replacement. List all

i
possible samples of size n = 2 and calculate the mean of cach. These means z 2 |
form the sampling distribution of the sample means. Find the mean, variance, ]
and standard deviation of the sample means. Compare your rc}nlts with the = |
the population. ]
L . . r
1

mean g = 4, variance o = 5, and standard deviation o = V5 = 2.236 of

4 5 6 7

True Population Stats: Population values
1+3+5+7
A= 1 =4

o7 =) P(xX(x— p)’ =(25X1—4) + (2503 —4) +(25(5-4) +(25(7-4)’ =5
o=+5=2236

How would a sample compare if we randomly picked two of the four members
of our population?

List all samples of 2 from our original population and the mean of each:

Sample mean, ¥

Sample

| Sumple  Sample mean, ¥

1,1 5.1 3
1.3 5.3 4
1.5 ; 55 5
1.7 4 5.7 6
B.1 2 7,1 4
3.3 3 7.3 5
a5 4 7.5 6
| 37 5 7.7 7

If we construct a probability distribution from these sample means, we can
make this histogram:

Probability Histogram of
Sampling Distribution of ¥

“rohability Distribution
# sample Means

ME)

¥ f | Probability 4

1 0.0625 -
2| 04250 :

3 0.1875 E
s 4| 02500 3

3| 01875

2 0.1250 S.nmplc mean
7|1 0.0625

Look familiar?

D> X =64

Let's find the mean of our sample means (the mean of means):

> X=64 2 5
Y~ Oy ==
‘uX 16 2
and standard deviation is S0 _4_

a-:\/§:1.581 Hy=d=n

2
o. =1.581

Notice that o _2236_, 55

Jn V2
This shows empirically, by examining each possible sample from a population
that we had a complete view of already, that we canuse iy = p

and o as the sample mean and sample standard deviation.
- e a
Vn

x

WHEW!

Mar 7-9:15 AM
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Lesson 5-4 (continued) - Central Limit
Theorem

The CLT forms the basis for all the statistics we are going to do,
and makes it possible to use samples to make assumptions about
an entire population.

1. If samples of size n, where n = 30, are drawn from any population with
amean p and a standard deviation . then the sampling distribution of
sample means approximates a normal distribution. The greater the
sample size, the better the approximation.

2. If the population itself is normally distributed, the sampling distribution
of sample means is normally distributed for any sample size n.

In either case, the sampling distribution of sample means has a mean equal

to the population mean.

My = W Mean

The sampling distribution of sample means has a variance equal to 1/n
times the variance of the population and a standard deviation equal to the
population standard deviation divided by the square root of .

2

) o i
oF=— Variance
H
o
oF = —— Standard deviation
vn

The standard deviation of the sampling distribution of the sample means,
oy, 18 also called the standard error of the mean.

Two major pomts * WOl"Tl’\ 1. Any Population Distribution 2. Normal Population Distribution
andand = ndard

vidtion

1. We sample at remember‘ing - §

least 30 members | o0 the sample =" =

of the population — ol Mo Distribution of Sample Me
sfandard 0 lflr’:ﬂmnm of Sample Means, (J:;.r:i ution of Sample Means

(bigger is better,
but 30 is bare
minimum)

2. If the original
population was

deviation is the
true s.d.
DIVIDED by
square root of n,

5% = Mean

e W Mean

normally Insight

o it will be The distribution of
distributed, our il g s
narr‘ower‘ the population. But its standard

distribution of the

sample means

will be roughly center as the population, but
itis not as spread out.

normal Moreover, the

distribution of 'QIL
EXAMPLE @

L~ sample means

becomes less and
less spread out
{tighter concentration
about the mean) as the

Interpreting the Central Limit Theorem sample size n increases.

Cell phone hills for residents of a city have a mean of $47 and a standard

deviation of 9, as shown in the figure, Random samples of 100 cell phone bills

are drawn from this population, and the mean of each sample is determined.

Find the mean and standard deviation of the sampling distribution of sample

means. Then sketch a graph of the sampling distribution.

deviation is less than the standard
deviation of the population, This
tells you that the distribution of
sample means has the same

Solution

The mean of the sampling distribution is equal to the population mean, and
the standard deviation of the sample means is equal (o the population standard
deviation divided by V. So,

Distribution for

All Cell
Phone Bills e = =47 Mean of the sample means
and
L Standard deviation of th I
== = Standard deviation of the sample means
+ " Vi V100

m =’ w * 5
Individual ccll phone bills {in dollars)

Interpreiation  From the Central Limit Theorem, because the sample size is
greater than 30, the sampling distribution can be approximated by a normal
distribution with a mean of $47 and a standard deviation of $0.90, as shown in
the figure

Distribution of
Sample Means
with 2 = 100

(&)
1 I & B &
Mean of 100 cell phone bills in dollars)

Interpreting the Central Limit Theorem

Assume the training heart rates of all 20-vear-old athletes are normally
distributed, with a mean of 135 beats per minute and a standard deviation
of 18 beats per minute, as shown in the figure. Random samples of size 4 are
drawn from this population, and the mean of each sample is determined. Find
the mean and standard deviation of the sampling distribution of sample means,
Then sketeh a graph of the sampling distribution.

Interpresation From the Central Limit Theorem, because the population is
normally distributed, the sampling distribution of the sample means is also
normally distributed, as shown in the figure

Distribution of
Population Training
Heart Rates

s 1o 135 10 185
Rate: (in heats per minuie)

= il 13 i s
Mean e (in beats per minuie)

Mar 7-9:17 AM
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Lesson 5-4 (continued) - Probability and the

Central Limit Theorem

We saw in 5-2 how to find the probability that the random variable x

would be in a range of values (z-score).

Same thing applies to finding the probability that a sample meanX

will be in a range of values!
Value — Mean _ X — M3
Standard error [

EXAMPLE -

Finding Probabilities for Sampling Distributions

o |
&

X — M

ol Vi

You can use the CLT because the
sample size is greater than 30

The figure at the right shows 4
e of Gt Time behind the wheel

the lengths of time people S ¢ Pt B
Smﬂlj dn\'lﬂg each d:l_\'. You 3'{\.[21‘!_{_\_ time SIILIIT l‘J\IJ'l‘!‘. cac R}_ 3 R:,l.‘. gmup.

randomly select 50 drivers
ages 15 to 19, What is the
probability that the mean time
thev spend driving each day is
between 24.7 and 23.5 minutes?
Assume that v = 1.5 minutes.

Solution

The sample size is greater
than 31, so you can usc the
Central Limit Theorem  to
conclude that the distribution of
sample means is approximately
normal, with a mean and a
standard deviation of

The graph of the distribution
of sample means with n=50

Distribution of
Sample Means,
with n =50

. pEN AN L] » .:"\. 258
249 55
Meain time (i minues)
Interpretation
5=

Finding Probabilities for Sampling Distributions

The mean room and board expense per year at four-year colleges is $9126. You
randomly select 9 four-year colleges. What is the probability that the mean
room and board is less than $94007 Assume that the room and board expenses
are normally distributed with a standard deviation of $1500.

Ho=p=

o

-

Interpreravion So, about 71% of such samples with n = 9 will have a mean less
than $9400 and about 29% of these sample means will be greater than $9400,

(o}

X

ﬂx 'Ll Before you find probabilities
for intervals of the sample
mean X, use the Central
Limit Theorem to
determine the mean

and the standard
deviation of the

sampling distribution of
the sample means. That

is, calculate uy and o3,

ha

g/

X-score distribution of sample
means with n=50

z=Score
Distribution
of Sample
Means with
n="50

Dvistribution
of Sample
Means with
n=9%9

'
| T
TEN) OHASE woN 1EE

Mean room and board (in dollars)

A

Mar 7-9:33 AM
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Lesson 5-4 (continued) - Probability and the
Central Limit Theorem

One of the most useful things about the CLT is that is makes a
great lie detector.  ghqy1q we trust their claim? SwiyTp

Here's hOW members of a population with
) a normally distributed random

- variable x, use the formula
&
EXAMPLE

A

(Ly

To find probabilities for

Finding Probabilities for x and x e
the mean x of a sample
The average credit card debt carried by undergraduates is normally distributed, of siza n, use the formula
with a mean of $3173 and a standard deviation of $1120, ¥
X
z= T

1. What is the probability that a randomly selected undergraduate, who is a
credit card holder, has a credit card balance less than 27007

2. You randomly select 25 undergraduates who are credit card holders. What
is the probability that their mean credit card balance is less than $27007
3. Compare the probabilitics from (1) and (2).

1. In this case, you are asked to find the probability associated with a certain value of the random

variable x. The z-score that corresponds to x =$2700

2. Here, you are asked to find the probability associated with a sample mean

The z-score that corresponds to

3. Interpretation:

pg. 269 1,2,9,13,16,17,19,20, 22,
25, 26,28, 31, 33, 38

Mar 7-9:50 AM
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Lesson 5-5: Normal Approximations
to Binomial Distributions Date:
Binomial: DON'T FORGET 4.2
* n independent trials

*2 possible outcomes (success/
failure)

*Probability of success (p) is same
for each trial q = 1-p

* P is the same for each trial
The binomial formula was P(x)=nCx(p)*(q)"

This is great for a small number of x's, but a major headache
to do for, say, P(0<x<50)

Normal Approximation to the rescue! DON'T forget 4.2

NORMAL APPROXIMATION TO A BINOMIAL
DISTRIBUTION

If np = 5 and ng = 3, then the binomial random variable x is approximately
normally distributed, with mean

H=np
and standard deviation
& = Vnpg

where s is the number of independent trials, p is the probability of success in
a single irial, and 4 is the probability of failure in a single irial.

The bigger n gets (the more we repeat the experiment and
collect more data), the closer we get to a normal curve

I

Example 1:

Decide if the normal approximation can be used. If so, find
the mean and standard deviation. If not, why not?

1. Fifty-one percent of adults in the US whose New Year's
resolution was to exercise more achieved their resolution. You
randomly select 65 adults in the United States whose
resolution was to exercise more and ask each if he or she
achieved that resolution.

2. Fifteen percent of adults in the US do not make New
Year's resolutions. You randomly select 15 adults in the US
and ask each if he or she made a New Year's resolution.

Mar 7-12:17 PM
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Lesson 5-5 (continued) - Correction
for continuity

Binomial is discrete, but normal is continuous. To fix that, we
have to move out 0.5 units to the left and right of the region
before calculating the normal approximation

£

Exact hinomial Ple =5 < x=c+0L5)

profhahbility Normal
approxinktion

_r]

c—iL3

Example 2:

Use a correction for continuity to convert each of the
following binomial intervals to a normal distribution interval.

1. The probability of getting between 270 and 310 successes,
inclusive

2. The probability of at least 158 successes

3. The probability of getting less than 63 successes

March 07, 2017

number ¢ and how to convert each to a normal distribution probability.

Try It Yourself 2

Shown below are several cases of binomial probabilitics involving the
Shown below are several cases of binomial probabilities involving th

Binomial Normal Notes

Exactly ¢ Ple =05 <x< ¢+ 03) Includes ¢

At most ¢ Ply <o +0.5) Includes ¢

Fewer than ¢ Ply = ¢ =10.5) Does not include ¢
At least ¢ Ple = —10.5) Includes ¢

Maore than ¢ Plx = ¢+ 0.5) Does not include ¢

Use a continuity correction to convert each binomial probability to a normal
distribution probability.

1. The probability of getting between 57 and 83 successes, inclusive
2. The probability of getting at most 34 successes

a. List the midpoint values for the binomial probability.
b. Use a continuity correction to write the normal distribution probability.

Mar 11-3:09 PM
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Lesson 5-5 (continued) - Approximating

Putting it all together....
APPROXIMATING BINOMIAL PROBABILITIES

Using a Normal Distribution to Approximate Binomial Probabilities

IN WORDS IN SYMBOLS
1. Verify that a binomial distribution Specify n, p. and g.
applies.
2, Determine whether vou can use a normal Is np = 57
distribution to approximate x, the Is ng = 57
binomial variable.
3. Find the mean p and standard deviation e p=np
for the distribution. o = Vapg
4. Apply the appropriate continuity Add 0.5 to (or subtract
correction. Shade the corresponding 1.5 from) the binomial
aren under the normal curve. probability.
. . XK
5. Find the corresponding z-score(s). =g
6. Find the probability. Use the Standard
Normal Table.

7. Interpretation Write a sentence

EXAMPLE @

Approximating a Binomial Probability

In a survey of 8- to 18-year-old heavy media users in the United States, 47%
said they get fair or poor grades (C's or below). You randomly select forty-five
8- to 18-year-old heavy media users in the United States and ask them whether
they get fair or poor grades. What is the probability that fewer than 20 of them
respond yes?

Example 4:

Do the steps for example 3

1.

N o o & w

INTERPRETATION

5w 213 ¥ 1l

Mumber responding yes

Fifty-eight percent of Adults say they never wear a helmet
when riding a bike. You randomly select 200 people in the US
and ask each if they wear a helmet when riding a bike. What
is the probability that at least 120 will say yes?

Do the steps for
1.

2
3
4.
5
6.
7 INTERPRETATION

Try It Yourself 4

In Example 4, what is the probability that at most [0 adults will say they never
wear a helmet when riding a bicyele?

a. Determine whether you can use a normal distribution to approximate the
binomial variable (see Example 4).

b. Find the mean g and the standard deviation o for the normal distribution
(see Example 4).

¢ Apply a continuity correction to rewrite P{x = 100) and sketch a graph.

d. Find the corresponding z-score.

e, Use the Standard Normal Table to find the area to the left of z and calculate
the probability.

Mar 11-3:15 PM

j—— —— x
1A Tl 18 LM 135 130 155

Mumber responding never

lower:119.5
uPrer: 10080

0:6.98
||

[NORMAL FLOAT AUTO REAL DEGREE MP il

normalcdf(119.5,10000,116»
. 22, 3080333206
L]

March 07, 2017
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Lesson 5-5 (continued) - Approximating
and making decisions

EXAMPLE @

Approximating a Binomial Probability

A study of National Football League (NFL) retirees, ages 50 and older, found
that 62.4% have arthritis. You randomly select 75 NFL retirees who are
at least 50 vears old and ask them whether they have arthritis, What is the
probability that exactly 43 will say yes?

Solution

Because np = 75(0.624) = 46.8 and ng = 75(0.376) = 28.2, the bimomial
variable x is approximately normally distributed, with

f ——
WVTE(L624) (0376) = 4.10.

= np =468 and o = Vapg =

Using the continuity correction, vou
can rewrite the discrete probability
Plx=48) as the continuous
probability  P{47.5 < x < 48.5).
The figure shows a normal curve
with u = 468, o = 419, and

HORHMAL FLOART AUTO REAL DEGREE MP I-l

the shaded area under the curve , trials:7S
between 47.5 and 48.5. P:.624
The z-scores that correspond to Numher responding yes x value:48
475 and 485 are
475 = 4b.8 485 — 468 HORMAL FLOAT AUTO REAL DEGREE MP
= VJ—T = [L17 and &= Vr—) = (.41, I:I
Ta3(624)(0.376 T5(0.6241( 0376
(0624)(0.376) (0.624)(0.376) binompdf (75, .624,48)
S0, the probability that exactly 48 NFL retirees will say they have arthritis is - P.B917597587

P(475 < x < 48.3) = P(0.17 < z < 0.41)
Pz = 041) = P(z = 017)
0.6591 — (L5675

= [.0916.

— LT,

Interprefation  The probability that exactly 48 NFL retirees will say they have
arthritis is approximately 00916, or about 9.2%.

Try It Yourself 5

The study in Example 5 found that 32.0% of all men in the United States
ages S0 and older have arthrins. You randomly scleet 75 men in the
United States who are at least 50 vears old and ask them whether they have
arthritis. What is the probability that exactly 15 will say yes?

4. Determine whether vou can use a normal distribution to approximate the
hinomial variable.
b. Find the mean g and the standard deviation o for the normal distribution,
Apply a continuity correction to rewrite P{x = 135) and sketch a graph.
d. Find the corresponding z-scores,
. Use the Standard Normal Table to find the area to the left of each z-score
and calculate the probability,

o

[

pg. 281 5-14, 16, 19,21, 22,

25, 26,30

Mar 11-3:23 PM
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